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Abstract
We discuss Kaluza-Klein (KK) decomposition in 5-dimensional (5D) field theories with orb-
ifold compactification. Kinetic terms localized at orbifold fixed points, which are inevitably
present in any realistic model, modify the standard KK mass spectrum and interactions of
KK modes. This, in turn, can significantly affect phenomenology of the orbifold models.
As an example, we discuss gauge coupling unification in N=1 supersymmetric 5D orbifold
SU(5) model. We have found that uncertainties in the predictions of the model related to
modification of the KK masses are large and essentially uncontrollable.
1 Introduction
Almost all currently available experimental data in particle physics are described by the
Standard Model with an impressive accuracy. However, it is widely believed that various
theoretical puzzles and problems of the Standard Model indicate that the theory in the
present form is just the low energy limit of a more fundamental theory. Since their early
days [1] Grand Unified Theories (GUTs) are viewed as one of the most attractive candidates
for such a theory. Unification of three gauge couplings within the Minimal Supersymmetric
Standard Model [2] strongly supports the basic GUT idea and low-energy broken supersym-
metry.
Construction of realistic GUTs in 4 dimensions (4D), however, faces certain difficulties in
understanding some phenomenologically important issues such as proper breaking of GUT
gauge symmetry, doublet-triplet hierarchy, proton stability, correct relation between the
masses of quarks and leptons, etc. Recently some of the problems of conventional 4D GUTs
has been addressed in the context of higher-dimensional field theories with orbifold compact-
ification [3-13]. Particularly, GUT symmetry breaking can be realized through the orbifold
compactification which could also naturally provide the doublet-triplet splitting and avoid
coloured Higgsino (Higgs) mediated proton decay. Moreover, by placing matter fields in the
higher-dimensional bulk one automatically obtains the theory with stable (in all orders of
perturbation theory) proton [5] and without SU(5) GUT relations among the masses of the
down quarks and charged leptons which are apparently wrong for the two lightest families.
Alternatively, restricting the third family of fermions to a SU(5)-invariant orbifold fixed-
point, one can keep the celebrated b-τ unification [6, 7]. Other aspects of fermion masses
[11] and the possible origin of the observed structure of fermion families [12, 13] have been
also widely discussed. Summarizing, it turns out that higher-dimensional orbifold GUTs
could give a simple intrinsically geometric explanation of various problems of conventional
4D models and provide a phenomenologically more attractive bottom-up approach than the
highly restricted top-down approach to the unification in higher-dimensions in the framework
of fundamental string theory. Notice, however, that consistency of higher-dimensional field
theories and particularly field theories on singular spaces, such as orbifolds, requires some
ultraviolate (UV) completion [9]. Such a completion is commonly viewed to be provided by
the fundamental string theory.
An unspecified UV physics generally leads to uncertainties in the effective low energy
field theories. Namely, from the field theory point of view one can expect appearance of
certain operators localized on the orbifold fixed points [1] which respect symmetries on the
orbifold subspaces rather than the symmetries in the bulk. Among them naturally appear
the relevant ”renormalizable” operators. Particularly, one can write down kinetic terms
of certain orbifold fields on the GUT symmetry breaking fixed point. Since they do not
respect GUT symmetry one can worry that such operators could completely destroy higher-
dimensional gauge coupling unification. The localized kinetic terms for the gauge fields have
been studied in [6, 7] and [8]. It was pointed out in [6, 7] that assuming the unification
happens in the strong coupling regime one can dilute the UV sensitivity and even improve
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the apparently wrong prediction for the strong gauge coupling of the 4D supersymmetric
SU(5) model. High-precision prediction for the strong gauge coupling constant obtained in
[7] singles out the simple N=1 supersymmetric 5D SU(5) GUT.
In this paper we would like to reconsider the effects of the kinetic terms localized on
the orbifold fixed points within the 5D effective field theories. We will show that local
kinetic terms modify the KK mode decomposition and as a result the entire phenomenology
of low energy orbifold field theories will be affected significantly. As an implication to
the orbifold GUT, we have considered the influence of local kinetic terms on the gauge
coupling unification. The essential point is that the localized kinetic terms for the Higgs and
matter fields can not be constrained to be small by the requirement of strong gauge coupling
unification. We have found that uncertainties related with local kinetic terms of Higgs
and matter fields are generically large and uncontrollable within the effective field theory
approach. In this way the predictions of the model are UV sensitive due to incalculable
parameters related with localized kinetic terms. Within these uncertainties in the prediction
of strong gauge coupling, one can therefore successfully incorporate different orbifold GUT
models as well.
The effects of localized kinetic terms have already been discussed within different models.
Importance of such terms for the quasilocalization of higher-dimensional gravity and gauge
fields in the infinite volume extra dimensions has been pointed out in [14] (see also [15]). The
case of large compact extra dimension(s) with single brane has been subsequently studied
in [16]. It has been shown in [17] that local kinetic terms for bulk fields generally appear
radiatively even if they are not present in the initial Lagrangian. Some phenomenological
consequences have been also studied within the 5D orbifold theories in [18, 19]. Finally,
we should point out that some results of the recent papers [19] and [20] partially overlap
with the results of Section 3 of the present work. Other localized operators have been also
discussed in the literature [21-24].
The paper is organized as follows. In Section 2 we will briefly remind the basic facts
about N=1 supersymmetry in 5D and the orbifold compactification and set-up a simple
realistic 5D SU(5) GUT. In Section 3 we discuss Kaluza-Klein (KK) reduction of theory
with kinetic terms localized on the orbifold fixed points. In Section 4 we will discuss 1-loop
contributions of KK modes to the evolution of gauge couplings and the problem of gauge
coupling unification. The final Section 5 will be devoted to summary and conclusions.
2 Orbifold compactification and 5D SU(5) GUT
We begin with a brief review of the orbifold compactification in the simplest case of a only
one extra dimension. The 5D space-time is a direct product of 4D Minkowski space-time
M4 and an extra dimension compactified on the orbifold S1/Z2, with coordinates x
M , where
M = 0, 1, 2, 3, 5 (x5 ≡ y). The S1/Z2 orbifold can be viewed as a circle of radius R with
opposite points identified by action of Z2 orbifold parity: Z2: y → −y. The actual physical
space therefore is the interval y ∈ [0, piR] with two orbifold fixed points at y = 0 and
2
y = piR. Under the Z2 symmetry, a generic 5D bulk field φ(x
µ, y) (µ = 0, 1, 2, 3) has a
definite transformation property
φ(xµ,−y) = Pφ(xµ, y), (1)
where the eigenvalues of P must be ±1. Generally the field φ(xµ, y) also can have U(1)-
twisted transformation under the periodic translation along the fifth coordinate: y → y +
2piR:
φ(xµ, y + 2piR) = Uφ(xµ, y), (2)
where Uκ = exp (2ipiκ). In fact this is the well-known Hosotani-Scherk-Schwarz boundary
condition. The case κ = 1
2
is a discrete version of more general case (2). Denoting the field
with
(
P, U 1
2
)
= (±1,±1) by φ(±,±), we obtain the following KK mode expansion:
φ(+,+)(xµ, y) =
∞∑
n=0
√
2
2δn,0a
f (+,+)n (x
µ) cos
(ny
R
)
,
φ(+,−)(xµ, y) =
∞∑
n=0
√
2
a
f
(+,−)
n+1 (x
µ) cos
((
n+ 1
2
)
y
R
)
,
φ(−,+)(xµ, y) =
∞∑
n=0
√
2
a
f
(−,+)
n+1 (x
µ) sin
(
(n+ 1) y
R
)
,
φ(−,−)(xµ, y) =
∞∑
n=0
√
2
a
f
(−,−)
n+1 (x
µ) sin
((
n+ 1
2
)
y
R
)
, (3)
where a = piR. Upon compactification the 4D fields (KK modes) f
(+,+)
n (xµ), f
(+,−)
n+1 (x
µ),
f
(−,+)
n+1 (x
µ), f
(−,−)
n+1 (x
µ) acquire masses n
R
,
(n+ 12)
R
, (n+1)
R
,
(n+ 12)
R
, respectively. Note, that zero
mode is contained only in φ(+,+) field. We will call (3) the standard KK decomposition. In
next Section we will argue that this decomposition is not valid in general.
Now let us describe the simplest N=1 supersymmetric SU(5) model in 5D. In the 5D bulk
we have SU(5) gauge supermultiplet, transforming as an adjoint representation VA ∼ 24 (A =
1, ..., 24) and two Higgs hypermultiplets H and H that transform as 5 and 5, respectively.
The 5D gauge supermultiplet contains a vector boson AAM , two gauginos, λ
A
L and λ
A
R, and
a real scalar σA, which can be decomposed into a vector supermultiplet V A =
(
AAµ , λ
A
L
)
,
and a chiral supermultiplet ΣA = ((σA + iAA5 )/
√
2, λAR) under 4D N=1 supersymmetry.
The hypermultiplet H contains two complex scalars, h and hc, and two Weyl fermions, ψ
and ψc. They can be combined into two 4D N=1 chiral supermultiplets H = (h, ψ) and
Hc = (hc, ψc), which transform as 5 and 5 under the SU(5) gauge group (similarly for H).
The 5D SU(5) symmetry is broken down to the to the SU(3)⊗SU(2)⊗U(1) Standard
Model group by orbifold boundary conditions. This can be achieved in different ways. We will
assume that the gauge symmetry breaking occurs because of non-trivial periodic boundary
conditions. Namely, we choose: U 1
2
= (−1,−1,−1,+1,+1) and P = (+1,+1,+1,+1,+1),
3
(P, U 1
2
) Gauge and Higgs fields Bulk matter fields KK masses
(+,+) V a, HD, HD 10U,E, 10
′
Q, 5D, 5
′
L
n
R
(+,−) V â, HT , HT 10Q, 10′U,E, 5L, 5′D n+
1
2
R
(−,+) Σa, HcD, H
c
D 10
c
U,E, 10
′c
Q, 5
c
D, 5
′c
L
n+1
R
(−,−) Σâ, HcT , H
c
T 10
c
Q, 10
′c
U,E, 5
c
L, 5
′c
D
n+ 1
2
R
Table 1: The particle content (bulk fields) of the orbifold SU(5) GUT, their transforma-
tion properties under the orbifold symmetries and KK masses according to the standard
decomposition (3).
where U 1
2
and P act on the fundamental representation of SU(5). At the same time we have
to assign opposite Z2 orbifold parities to the 4D N=2 partners of the bulk fields, in order
to keep only N=1 supersymmetry in 4D effective theory. The orbifold symmetries for all
components of the vector and Higgs multiplets are shown in Table 1. Here, we split SU(5)
index A = a, â into the indices, a and â, which correspond to the unbroken and broken SU(5)
generators, respectively. The subscripts T and D denote colour triplet and weak doublet
components of the Higgs multiplets, respectively. Since only (+,+) fields have zero modes,
the massless sector of the model consists of SU(3)⊗SU(2)⊗U(1) N=1 vector multiplet V a0 and
Higgs doublet and anti-doublet chiral superfields HD and HD, colour triplet chiral superfields
HT and HT , are massive, thus realizing doublet-triplet splitting in a simple geometric way.
This also means that Higgsino mediated proton decay is absent in the model. Non-zero
modes of at each KK level n V a eat corresponding Σa becoming massive and similarly for
the X-Y vector multiplets V â and Σâ. Note also that locally at y = 0 fixed point SU(5)
symmetry is exact, while it is broken on the y = piR fixed point. Thus the two fixed points
are not equivalent.
Each generation of matter fields, are placed into hypermultiplets which transform, as
usually, as 5 and 10 representations of SU(5). There are different ways how to put matter
fields in the bulk. They can be localized on one of the fixed points. In order to preserve
the successful SU(5) b-τ unification it is desirable to have third generation matter on the
SU(5)-preserving fixed point at y = 0. On the other hand, one can place matter fields in the
bulk as well. An important point is that, in such a case one has to double the representation
5 + 10 by introducing 5
′
+ 10′ [5]. One can see from Table 1, that zero-mode matter fields,
i.e. ordinary quarks and leptons (subscripts Q,L, U,D and E denote quark doublet, lepton
doublet, up-antiquark, down-antiquark and positron components of the corresponding SU(5)
representations, respectively), come now from different representations. This means that X-
Y gauge boson can not be responsible for the proton decay in case of all three generations
being in the bulk. The proton decay will be significantly suppressed if only light generations
(or part of them) are residing in the bulk, while third generation is localized on SU(5)-
symmetric fixed point [6, 7].
The model described above is indeed very attractive. One can see, that most of the
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difficulties of the ordinary 4D SU(5) GUT can be resolved in a very simple way. It remains
to see whether one can have in the above picture reliable predictions. But before discussing
gauge coupling unification in the above model we would like to come back to the question
of KK mode decomposition in orbifold field theories.
3 KK decomposition in 5D with orbifold compactifica-
tion
Once again, we are considering 5D space-time with the fifth extra dimension y being an
S1/Z2 orbifold, i.e. a line of length a = piR with two fixed points at y = 0 and y = a.
As we have mentioned in the Introduction, generally one is allowed to add to the 5D bulk
Lagrangian L5 Lagrangians L0 and Lpi localized at y = 0 and y = a 4D subspaces. So the
total Lagrangian is:
L = L5 + δ(y)L0 + δ(y − a)Lpi. (4)
L0 and Lpi could contain various operators which respect the symmetries on the fixed points
but not in the full 5D bulk. In certain cases of interest, however, they might be avoided by
some symmetries (supersymmetry). In realistic models this is not the case for the kinetic
terms. Indeed, the localized kinetic terms for certain 5D bulk fields inevitably appear (un-
less one is considering phenomenologically unacceptable theory with conformal invariance)
as a result of radiative corrections. Contributions to the radiative induced local kinetic
terms come not only from the fields localized at the fixed points but from the bulk fields as
well [17]. These contributions are logarithmically divergent and consistency of the theory
requires introduction of the corresponding local counter-terms. Residual finite parts (after
cancellation of divergences) are not calculable within the effective orbifold field theory and
thus should be treated as new free parameters. Basically, they can be calculated only within
a more general theory which substitutes the low energy effective orbifold theory at some
ultraviolet scale Λ. Thus, the free parameters of the local kinetic terms parametrize our
ignorance of the fundamental UV physics.
In turn, the local kinetic terms could significantly affect the entire phenomenology of
the effective low energy orbifold theories. Namely the KK mode decomposition discussed in
Section 2 is not valid anymore. To see this, let us consider the simple case of 5D massless
scalar field:
L5 = ∂MΦ+∂MΦ,
L0 = r0∂µΦ+∂µΦ,
Lpi = rpi∂µΦ+∂µΦ, (5)
where r0 and rpi are new scale parameters associated with local kinetic terms at y = 0 and
y = a, respectively. The parameters r0 and/or rpi are vanishing for the field Φ which vanishes
at y = 0 and/or y = a fixed points. The behaviour of Φ at fixed points in turn is defined
by the orbifold symmetries at hand. We consider general case where Φ is either even or odd
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under the orbifold parity Z2 (1) and it is U(1)-twisted under the periodic translation (2).
The equation of motion followed from (4) and (5) is:(
[1 + r0δ(y) + rpiδ(y − a)] ∂µ∂µ − ∂25
)
Φ(xµ, y) = 0. (6)
It is supplemented by the boundary conditions (1) and (2). Performing the KK decomposi-
tion of Φ:
Φ(xµ, y) =
∑
mn
φmn(x
µ)fmn(y), −∞ ≤ mn ≤ +∞ (7)
the Eq. (6) is split into the Klein-Gordon equation(
∂µ∂
µ +m2n
)
φmn(x
µ) = 0 (8)
for the modes φn(x
µ) with KK masses mn and the equation which determines the y depen-
dence of the modes: (
∂25 +m
2
n [1 + r0δ(y) + rpiδ(y − a)]
)
fmn(y) = 0. (9)
Eq. (9) can be solved by the method of images. The problem is actually reduced to a simple
one-dimensional quantum-mechanical problem of a particle moving in a periodic potential
formed by a sequence of Dirac δ-functions at y = 0+2an and y = a+2an. Since the equation
of motion and the boundary conditions are periodic, we can apply Floquet’s theorem and
write down a general solution in different regions as:
fmn(y) =

Amne
imny +Bmne
−imny,
Cmne
imny +Dmne
−imny,
ei2aκ [Amne
imny +Bmne
−imny] ,
ei2aκ [Cmne
imny +Dmne
−imny] ,
0 < y < a
a < y < 2a
−a < y < 0
−2a < y < −a
, (10)
where Amn , Bmn , Cmn , Dmn are constants to be determined by matching the function fn(y)
and its first derivatives at fixed points. Assuming that fn(y) is continuous across the fixed
points, we get the following system of homogeneous algebraic equations forAmn , Bmn , Cmn, Dmn :
M̂n

Amn
Bmn
Cmn
Dmn
 = 0, (11)
where
M̂n =

1, 1, −ei2a(κ+mn), −ei2a(κ−mn)
e−iamn , e−iamn , −e−iamn , −e−iamn
(r0m
2
n + 2imn) r0m
2
n −2imnei2a(κ+mn), 0
(rpim
2
n − 2imn) eiamn , rpim2ne−iamn , 2imneiamn , 0
 . (12)
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The necessary and sufficient condition for the existence of a nontrivial solution of (11),
detM̂n = 0, (13)
is actually nothing but the KK mass quantization condition.
Solving the system (11) one determines three out of four constants Amn , Bmn , Cmn, Dmn .
The remaining one is determined from the normalization of fmn(y). In the presence of local
kinetic terms the wave functions fmn(y) are generally not orthogonal,
∫ a
0
dy f ∗mn(y)
∗fmk(y) 6=
δmnmk . This would imply that in the interactions involving these modes the KK number is not
conserved, as it was obviously expected from the beginning, since the translational invariance
along the fifth dimension is explicitly broken. In order to get the canonical kinetic terms
for the KK modes upon the integration over the extra dimension, we imply the following
orthonormality condition:∫ a
0
dy [1 + r0δ(y) + rpiδ(y − a)] f ∗mn(y)fmk(y) = δmnmk . (14)
Note that the [1 + r0δ(y) + rpiδ(y − a)] acts as a nontrivial volume-factor in the integral over
y. Obviously, if the field Φ(xµ, y) is real, i.e. φmn(x
µ) = φ+mn(x
µ), f ∗mn(y) = f−mn(y), one
can recast the decomposition (7) into the form:
Φ(xµ, y) =
∑
mn≥0
φmn(x
µ) (fmn(y) + f−mn(y)) . (15)
Then the normalization constants get multiplied by a factor of 2 relative to the case of
complex field.
Now let us consider some particular examples of fields with different orbifold symmetries.
Z2–even, periodic field, Φ
(+,+)(xµ, y). Since the Z2-even field is nonvanishing at both
boundaries, r0 and rpi are in general non-zero. Taking κ = 0 (periodic boundary condition),
we obtain the following solution of the Eqs. (11):
fmn(y) = Amn
(
eimny +
2imn + r0m
2
n
2imn − r0m2n
e−imny
)
, 0 ≤ y ≤ a. (16)
Then the KK mass quantization condition (13) becomes:
tan (mna) = − mn (r0 + rpi)
2
(
1− r0rpim2n
4
) (17)
and the normalization constants Amn are:
A0 =
1√
2 (2a+ r0 + rpi)
(18)
7
for the massless zero mode (m0 = 0) and
Amn =
1√√√√2a+ (r0+rpi)
(
1+
r0rpim
2
n
4
)
(
1+
r2
0
m2n
4
)(
1+
r2pim
2
n
4
)
(19)
for non-zero modes (mn 6= 0).
The Eq. (17) for KK masses mn can be solved numerically. Here we consider some
analytic approximations assuming first that all r-factors are positive. If r-factors are small
enough, r0,pi
a
≪ 1, KK mode decomposition is reduced to the standard one (see (3)) with KK
masses mn ≈ nR , n = 0, 1, ... However, for large r-factors, r0,pia & 1, KK modes substantially
deviate from those discussed in the previous Section. As an extreme case consider
r0,pi
a
≫ 1
(r0 ≈ rpi ≡ r, ξ = ra). Then KK modes at each level n ≥ 2 once again approach their standard
values
mn ≈ n
R
− 4
ξ2apin
, n = 2, 3... (20)
while the first excited mode is extremely light:
m1 ≈ 2
a
√
1− 1
ξ
ξ
≈ 2
piR
√
ξ
<<
1
R
. (21)
The appearance of the light mode in this limit is a peculiar property of the presence of two
opaque boundaries [19]. Nothing similar happens if one sets one of the two r-factors to zero.
In the case of graviton (instead of the scalar field) with such sufficiently light mode one could
have, e.g., an interesting new bigravity model [25].
Z2–even, anti-periodic field, Φ
(+,−)(xµ, y). In this case the field vanishes on the bound-
ary y = a. Thus taking rpi = 0 and κ =
1
2
(anti-periodic boundary condition), we obtain the
solution
fmn(y) = Amn
(
eimny − e−imn(y−2a)) , 0 ≤ y ≤ a, (22)
which is amended by the quantization condition
cot (mna) =
r0mn
2
. (23)
The normalization constants in (22) are
Amn =
1√
2a+ r0
1+
r20m
2
n
4
(24)
Once more one can discuss analytically some limiting approximations. For small r0,
r0
a
≡
ξ ≪ 1 we essentially reproduce the standard KK modes and their masses (3),
mn ≈
(n+ 1
2
)
R
(
1 + ξ
2
) . (25)
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An opposite limit of large ξ ≫ 1 gives KK masses substantially lighter compared to the
standard case:
mn ≈ n
R
+
2
ξapin
<
(n + 1
2
)
R
, (26)
for n = 2, 3, ... and a lighter first excited mode:
m1 ≈
√
2
ξ
1
piR
<<
1
2R
. (27)
Z2–odd, anti-periodic field, Φ
(−,−)(xµ, y). In this case the boundary at y = 0 is trans-
parent for the KK modes. Thus taking r0 = 0 and κ =
1
2
we obtain
fmn(y) = Amn
(
eimny + e−imn(y−2a)
)
, 0 ≤ y ≤ a. (28)
Mass quantization condition and normalization constants can be obtained changing r0 by
rpi in the corresponding formulas (23) and (24). Thus in the case of equivalent fixed points
(r0 = rpi) KK masses of (+,−) and (−,−) modes are degenerate. The approximations of
small and large rpi are evidently given by the same formulas (25) and (26), (27) (with ξ =
rpi
a
),
respectively.
Z2–odd, periodic field, Φ
(−,+)(xµ, y), is unaffected by the presence of boundaries, since
orbifold symmetries force the field to be vanishing at both boundaries. Hence the standard
KK mode decomposition discussed in Section 2 remains unchanged in this case.
Before going further, few remarks concerning r-factors are in order. So far we have
assumed that r0 and rpi are positive. Treating them as free parameters one can ask whether
both or one of them can be negative. That is to say, whether the local kinetic terms on
the fixed points can have wrong sign. An obvious constraint in such cases comes from the
appearance of negative norm states. One can see, however, that in certain cases the ghost
KK modes can be avoided. Consider for example (+,+) modes and assume r0 = −rpi.
Then, from (17), (18) and (19), it is clear that the KK modes behave as in the standard
case without local kinetic terms, whenever r-factors are large or small. The contributions
from the localized kinetic terms are cancelled out and boundaries become transparent for
the corresponding modes. For the (+,−) ((−,−)) modes and negative r0 (rpi), ghost-free
effective theory would imply 2a
(
1 +
r20m
2
n
4
)
+ r0 > 0 (2a
(
1 + r
2
pim
2
n
4
)
+ rpi > 0) for all n.
Obviously, the above ghost-free condition can be satisfied, for instance, when r0 > −2a
(rpi > −2a). Many other possibilities can be found as well. The overall massage here is that
the KK mass spectrum and wave functions crucially depend not only on the size of r-factors
but on their signs as well.
Another important point to stress is that r-factors (in general case when interactions
are included) are actually scale dependent and undergo renormalization. Thus the physical
KK masses should be determined using the corresponding renormalization group equations.
Note, however, that in certain cases of interest this effects might be negligible.
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Having determined the KK masses and wave functions from the free (linearized) theory
one can discuss now the interactions. As a representative example let us add to the free
Lagrangian (4), (5), a ϕ4-potential V:
V = [λ5 + λ0δ(y) + λpiδ(y − a)]
(
Φ+Φ
)2
, (29)
where λ5 is a 5D coupling, while λ0 and λpi are couplings of the interaction terms localized
at boundaries y = 0 and y = a, respectively. The effective 4D couplings can be derived upon
KK mode expansion. They are given as:
λijkl = λ5
∫ a
0
dy
[
1 +
λ0
λ5
δ(y) +
λpi
λ5
δ(y − a)
]
f ∗mifmjf
∗
mk
fml . (30)
Note, that the KK number is violated in these interactions in general even if the localized
potentials are absent, λ0, λpi = 0. Only in the standard case when the local kinetic terms are
also absent the KK-number (i.e. the fifth component of the momentum) is conserved.
The effective 4D couplings (30) are determined through the rather complicated integrals
of the product of wave functions fmn . However, one can readily say something about interac-
tions involving zero modes. Consider for instance λ00kl. Once again in general KK-number
is still not conserved. Suppose now that λ0
λ5
= r0 and
λpi
λ5
= rpi. Then (30) is considerably
simplified and one gets (using orthonormality condition (14)):
λ00kl = |A0|2 λ5δkl. (31)
These interactions conserve the KK-number and are universal for all KK modes. The effective
4D coupling is given by:
λ4 =
λ5
2 (2a+ r0 + rpi)
. (32)
This is the familiar relation between 4D and 5D couplings except the fact that the ”volume”
of extra space, a, is replaced by the effective volume, a + r0/2 + rpi/2. So, if the bulk
and localized couplings are aligned with kinetic r-factors in the way assumed above, the
interaction of zero modes with those of non-zero KK modes are universal and given by (32).
This is obviously true also when zero modes interact with different bulk fields with different
orbifold symmetries, provided, of course, that the interactions respect these symmetries as
it is required by the consistency of the theory.
In fact the above situation is exactly what happens in the case of bulk gauge theories.
Indeed, consider some non-Abelian gauge field in the bulk with local kinetic terms on the
boundaries:
L = −1
4
F aMNF
aMN − 1
4
g25
g20
δ(y)F aµνF
aµν − 1
4
g25
g2pi
δ(y − a)F aµνF aµν , (33)
where F aMN = ∂MA
a
N − ∂NAaM + g5fabcAbMAcN is the gauge field strength, g5 bulk gauge
coupling and g0 and gpi couplings for the localized terms. In this case r-factors are given by
r0 =
g25
g20
and rpi =
g25
g2pi
. Linearized equations for the wave functions fmn (they are real in this
case) have exactly the same form (in the unitary gauge, A5 = 0) as in the case of scalar field
discussed above (see Eq. (9)). The massless zero modes of gauge field (Aaµ assumed to be
Z2-even and periodic) have the following self-interactions:
g0kl =
g5√
a+ r0
2
+ rpi
2
δkl ≡ g4,
g00kl =
g25
a + r0
2
+ rpi
2
δkl ≡ g24. (34)
The zero mode also universally interacts with bulk matter fields irrespective of the r-factors
of the local kinetic terms of the matter fields (which might be different from those for the
gauge field) and matter fields localized on the orbifold fixed points. Clearly, all these features
are dictated by the gauge invariance. Note, however, that the above statement is not true
for the KK modes of the gauge fields. For instance, fields localized on different fixed points
would interact with the KK mode of the same gauge boson differently, if the fixed points are
not equivalent.
From the above discussion it is clear that the localized kinetic terms will have profound
consequences for the entire phenomenology of higher-dimensional theories. Modification of
collider phenomenology in some limited cases has been recently studied in [16, 18, 19]. In the
following Section we will discuss the effects of localized kinetic terms on the gauge coupling
unification in the framework of 5D GUT model described in Section 2.
4 Gauge coupling unification in realistic SU(5) orbifold
GUT
An important consistency check of any GUT model is its prediction for the standard gauge
couplings α1(MZ), α2(MZ), α3(MZ) at low energies, namely atMZ (Z-boson mass). They are
related to the unified gauge coupling αGUT (MGUT ) ≡ α1(MGUT ) = α2(MGUT ) = α3(MGUT )
at the unification scale MGUT through the renormalization group equations. At two-loop
level the minimal 4D supersymmetric SU(5) model gives the following predictions for the
strong gauge coupling α3(MZ):
α
SU(5)
3 (MZ) ≃ 0.130± 0.004±∆SU(5) (35)
and for the unification scale:
M
SU(5)
GUT ≃ 2 · 1016 GeV, (36)
where the experimental values for α1(MZ) and α2(MZ) couplings are taken as input param-
eters. The prediction (35) should be compared with the high-precision experimental value
[26],
αexp3 (MGUT ) = 0.119± 0.002. (37)
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The main uncertainty in (35), ∆SU(5), originates from the uncertainties in masses of GUT
particles, while the first uncertainty is related to the variations in the mass spectrum of
the electroweak Higgs bosons and superparticles at the TeV-scale. In the minimal super-
symmetric SU(5), ∆SU(5) is parametrized through the coloured Higgs (Higgsino) mass MT ,
∆SU(5) = 3αGUT
10pi
ln
(
MT
MGUT
)
. Thus, large negative contribution ∆SU(5) ≈ −0.01 needed to fit
the experimental value (35) can be obtained by lowering the mass MT , MT ∼ 0.08MGUT .
However, this possibility is excluded from the unacceptably fast proton decay induced by
a low mass coloured Higgsino1 [28]. Thus the minimal 4D SU(5) GUT indeed contradicts
the data. In more involved GUT models, the GUT threshold corrections depend on a larger
number of unknown parameters which can neither be constrained from independent data,
nor unambiguously predicted. In this situation we essentially loose the predictivity.
In this respect, the situation in orbifold GUT, where GUT symmetry breaking is achieved
by orbifold compactification, seems more promising. Firstly, ignoring for a moment possible
operators localized on the orbifold fixed points, the mass spectrum of GUT particles and
their KK modes are essentially determined by few parameters, namely in 5D by a single
compactification radius R. Secondly, one can avoid the proton decay constraints by intrin-
sically geometric mechanism without extension of particle content of the model. Thirdly,
although each gauge coupling above the compactification scale receives radiative corrections
which depend on a certain power of the cut-off scale, the relative slope of the gauge couplings
and thus the low energy predictions will have the usual logarithmic scale dependence. This
is because of the underlying bulk GUT symmetry. However, as we have seen in the previous
Section the local kinetic terms might substantially disturb the KK mass spectrum and one
may worry whether one can actually retain the predictivity power.
In fact the problem appears already at tree level. Consider for definiteness a realistic
SU(5) GUT in 5D described in Section 2. Since on the orbifold fixed point y = a SU(5)
symmetry is broken down to the SU(3)⊗SU(2)⊗U(1), one is allowed to write down only
a SU(3)⊗SU(2)⊗U(1)-symmetric (rather than SU(5)-symmetric) gauge kinetic terms with
different r-factors, ripi (i = 1, 2, 3 correspond to U(1), SU(2) and SU(3), respectively). Then
the 4D effective gauge coupling (see Eq. (34)) at some unification scale will be
gi4(MGUT ) =
g5(MGUT )√
a+ r0(MGUT )
2
+ r
i
pi(MGUT )
2
. (38)
If ripi(MGUT ) are large and non-universal, r
i
pi(MGUT ) & a, then the gauge coupling unification
is ruined already at the tree level. Some extra assumption beyond the SU(5) framework is
evidently needed to suppress the localized gauge kinetic terms at SU(5)-breaking orbifold
fixed point, i.e. r
i
pi
a
should be << 1.
The explanation to why the r-factors of gauge localized kinetic terms might be small has
been proposed by Hall and Nomura [6, 7]. The key assumption is that the theory enters
1Several mechanisms to suppress Higgsino mediated proton decay is known (see e.g. [27]). However, all
of them require introduction of new particles and/or interactions, and hence new parameters, beyond the
minimal SU(5). This, in turn, significantly reduces the predictive power of such models.
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into the strong gauge coupling regime at MGUT . This could naturally happen because above
the compactification scale the asymptotic freedom is lost and couplings grow rapidly due
to the power-low running of couplings in higher dimensions. Naive dimensional analysis
gives the following estimates for the strong bulk gauge coupling, g5(MGUT ) ≃
√
16pi3
CMGUT
,
and for strong gauge couplings for the local kinetic terms one has: g0(MGUT ) ≃
√
16pi2
C
and
gipi(MGUT ) ≃
√
16pi2
Ci
(here C ′s are group theoretic factors, C ≃ 5 for SU(5) and C i ≃ (1, 2, 3))
[7]. Within this assumption r-factors are indeed small, r0(MGUT )
a
=
g25
ag20
<< 1, r
i
pi(MGUT )
a
=
g25(MGUT )
agi2pi (MGUT )
<< 1, providing that extra dimension is large, aMGUT >> 1 (a = piR). Since
the low energy values for the effective 4D couplings gi4 are known to be of the order ∼ 0.7,
from the above assumption one can estimate the energy gap between the compactification
scale 1
R
and strong coupling unification scale MGUT : MGUTR ≃ 60. That is to say, there
are approximately NKK ≃ 60 KK modes in the energy region between the compactification
scale 1
R
and the unification scale MGUT .
To see how this works, let us calculate the KK mode corrections in the model described
in the Section 2 with standard KK masses, see Table 1. One obtains at one loop leading-log
approximation:
α−13 (MZ) = α
−1SU(5)
3 (MZ) +
6
7pi
NKK−1∑
n=0
ln
(
n+ 1
n+ 1
2
)
, (39)
(here α
−1SU(5)
3 (MZ) is the prediction of the 4D supersymmetric SU(5) for (35) without GUT
thresholds, ∆SU(5) = 0) for the strong gauge coupling and
ln
(
Mc
MZ
)
= ln
(
M
SU(5)
GUT
MZ
)
+
4
7
NKK−1∑
n=0
ln
(
n + 1
n + 1
2
)
− lnNKK. (40)
Note that the KK mode correction to α3(MZ) (the last term in Eq. (39)) works in the right
direction, lowering α
SU(5)
3 (MZ) (35). Taking NKK = 60, one obtains correction from KK
modes δα−13 (MZ) ≈ 0.715 which to the brings prediction for the strong gauge coupling,
α3(MZ) ≈ 0.119± 0.004, (41)
in remarkable agreement with the experimental value (37). At the same time, the compact-
ification scale Mc is lower,
Mc ≈ 1.5 · 1015 GeV, (42)
than the typical 4D unification scale (36). This means that the first KK modes of X-Y
intermediate vector bosons might induce unacceptably fast decay of proton. This inevitably
forces us to put all or part of light generations into the 5D bulk. Then the fast proton decay
can be avoided [5, 6, 7].
Let us now calculate possible corrections to the above result (41), 42) due to the modifi-
cation of the KK mass spectrum by the local kinetic terms. Consider first gauge vector mul-
tiplets V a and V â. The r-factors for these superfields are controlled by the strong coupling
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unification assumption and has been estimated above. Thus, the corresponding leading-log
correction can be unambiguously computed. We find:
δα−13 (MZ) ≈ −
NKK
2pi
×[
72
7
ln
(
1− 7
10NKK
)
− 9 ln
(
1− 4
5NKK
)
+
9
7
ln
(
1 +
1
2NKK
)]
, (43)
where we have used the approximations for the KK masses discussed in the previous Section.
With NKK = 60 we have δα
−1
3 (MZ) ≈ −0.103, which is indeed a small correction (as it was
expected) and it lies in the range of theoretical uncertainties estimated in [7].
However, large uncertainties in the prediction of strong gauge coupling α3(MZ) might
originate from the contributions of the Higgs and matter KK modes. The point is that,
unlike gauge fields, their local kinetic terms are not controlled by the strong coupling uni-
fication assumption. The corresponding r-factors are in general arbitrary parameters and
thus the KK mode spectrum can not be reliably computed. A general treatment of possi-
ble uncertainties is rather difficult since we have not any independent experimental data to
constrain the corresponding KK masses and as well we do not know any principle how to
estimate possible size of the corresponding r-factors. Instead, just to stress the importance
of possible corrections, we give here some numerical examples assuming certain hierarchies
for the r-factors of different fields.
Consider for example bulk matter fields. Each type of matter fields (with the same
orbifold symmetries) at each KK level n are arranged in the full SU(5) multiplets, 5 + 10,
see Table 1. Thus if their masses are degenerate, they will not give any correction at one
loop level as it is the case for the zero modes, i.e. ordinary quarks and leptons in the limit
of vanishing masses. This is indeed the case for the standard KK decomposition as well.
In the general case, it is clear that (−,+) KK matter fields as well as (+,−) KK matter
fields also do not give any extra correction. In the case of (−,+) the KK mass spectrum is
standard since for these fields both boundaries at y = 0 and y = a are transparent. Also
(+,−) fields feel only SU(5)-invariant fixed point at y = 0 and thus KK mass spectrum is
SU(5)-invariant. However, different KK modes collected in (+,+) and (−,−) fields might
have SU(5) non-universal masses at each KK level due to the non-universal local kinetic
terms at SU(5)-violating fixed point y = a. Once again, r-factors for these fields can not
be computed within the effective orbifold field theory and should be treated as independent
free parameters. As a representative example of possible uncertainties in the calculation of
α3(MZ), consider (−,−) matter fields. Assume that rpi-factors for the SU(2)-doublet fields,
10c′Q and 5
c′
L are approximately the same and large,
r
(10c′Q,5
c′
L )
pi
a
≡ ξ1 ≫ 1, so that the KK masses
can be approximated according to (26), (27), while SU(2)-singlet fields have small rpi-factors,
r
(10c′
U,E
,5c′D)
pi
a
≡ ξ2 << 1, so that their KK masses are given by (25). In this case we obtain the
following correction to α3(MZ):
δα−13 (MZ) ≈ −
15η
14pi
×
14
[
ln
(
piNKK
√
ξ1
2
)
−
NKK−1∑
n=0
ln
(
n+ 1
n + 1
2
)
+NKK ln
(
1 +
ξ2
2
)]
, (44)
where η is the number of matter generations propagating in the bulk. Taking now, for
instance, ξ1 =
1
ξ2
= 50 and NKK = 60 as before, we obtain a large correction, δα
−1
3 (MZ) ≈
−1.645η, which pushes up the strong gauge coupling constant to an unacceptable value:
α3(MZ) ≈ 0.148, for η = 1,
α3(MZ) ≈ 0.196, for η = 2. (45)
The corresponding correction to the compactification scaleMc of (40) is: δ ln
(
Mc
MZ
)
≈ 1, 38η,
i.e.
Mc ≈ 6 · 1015 GeV for η = 1,
Mc ≈ 2.4 · 1016 GeV for η = 2. (46)
If only the 10-plets are residing in the bulk, as it is favoured by some phenomenological
considerations [7], then the correction (44) is reduced by anly a factor 0.7 which is still
too large. For example, for η = 2 and for the above values of x1 and x2 one obtains
α3(MZ) ≈ 0.162. Alternatively, assuming that ξ1 << 1 and ξ2 >> 1, the rhs of Eq. (44)
changes the sign (with ξ1 ↔ ξ2) and thus α3(MZ) gets dramatically lowered. We have found
large enough corrections for moderate values of r-factors as well.
Certainly, many different numerical examples can be presented which stress the impor-
tance of the correct treatment of KK mass spectrum in the presence of local kinetic terms.
We are not aiming here to give a more general analysis of possible uncertainties caused by the
r-factors of different fields. However, already the above representative numerical examples
are clearly warning us that uncertainties in the calculation of the strong gauge coupling are
actually large and essentially uncontrollable. Strictly speaking, r-factors (especially for the
Higgs and matter fields) can neither be computed or estimated nor can be constrained by
the available experimental data. Thus we are lead to the conclusion that one cannot obtain
reliable predictions in the framework of orbifold GUTs. Nevertheless, orbifold GUT models
could still be viewed as interesting theoretical schemes where many attractive features, such
as GUT symmetry breaking, doublet-triplet splitting, suppression of the proton decay etc.,
could have their counterparts in a more fundamental theory, where, hopefully, the ambiguity
related with local kinetic terms can be also resolved. In this respect, it seems that many
other GUT models which are excluded in the standard KK decomposition approach might
still accommodate the experimental data within large uncertainties expected in general. A
particularly interesting question is whether one could have low (intermediate) energy uni-
fication in simple orbifold GUTs assuming some particular set of r-factors, which, in turn,
can be verified in high energy experiments.
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5 Summary and outlook
In this paper we have discussed KK decomposition in higher-dimensional theories with orb-
ifold compactification. We have shown that the standard KK decomposition is not valid
due to the presence of kinetic terms localized at the orbifold fixed points. We have also
found that the KK mass spectrum and interactions of KK modes are significantly modified
and the phenomenology of various orbifold models must be reconsidered. As an illustrative
example, we have considered gauge coupling unification in recently proposed realistic 5D
orbifold SU(5) GUT. We have shown that large uncertainties in the low-energy predictions
of the model appear once the local kinetic terms for Higgs and matter fields are included
into consideration and that the predictivity of the model is essentially lost.
Clearly, our analysis of KK decomposition is relevant as well for a wide class of other mod-
els extensively discussed in the literature. It will be interesting to see how the supersymmetry
and electroweak symmetry breaking as well as collider phenomenology of particular models
with large compactification radius [29] is affected when the correct KK mode decomposition
we have presented in this work is adopted.
Although we have discussed here the case of a single flat extra dimension, local kinetic
terms are also generally expected when the extra space-time is not flat, for example, in the
case of warped geometry. Thus recently discussed unification in AdS5 [30], as well as other
phenomenological aspects of the scenario in [31], might be significantly modified as well.
Finally, it will be certainly interesting to extend this work to the case of general higher
dimensions, where some non-trivial features might emerge.
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